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N e c e s s a r y  condit ions a r e  e s tab l i shed  fo r  the val id i ty  of the Hottel  f o r m u l a s  for  the a b s o r p -  
t ivi ty r e l a t i v e  to b lack  rad ia t ion .  The  f o r m u l a s  a r e  used  in de sc r ib ing  the abso rp t i on  of a 
badly  mixed m e d i u m  and fo r  nonblack  incident r ad ia t ion .  

A f o r m u l a  fo r  the abso rp t i v i t y  of an i s o t h e r m a l  gas  (CO 2 and HzO ) fo r  b l ack  rad ia t ion ,  

a o = (T/To)me [T 0, x(T/To)~], (1) 

is used  ex tens ive ly  in p r a c t i c a l  computa t ions  of r ad ian t  heat  exchange .  Hottel  p r o p o s e d  the f o r m u l a  as  
e m p i r i c a l  [1]. O n t h e  bas i s  of the s imp le s t  models  of a s p e c t r u m  it has  been de r ived  in [2], where  it is 
shown that  the  f o r m u l a  can  be sui table  for  all  ga se s  with a v i b r a t i o n a l - r o t a t i o n a l  abso rp t i on  s p e c t r u m .  Th e  
n e c e s s a r y  condit ions fo r  the va l id i ty  of (1) a r e  cons ide red  he re in ,  the indices  m, u a r e  d i s cus sed ,  va r i o u s  
p r o b l e m s  a r e  indicated in whose  solut ions  (1) can be used .  Our main  a t tent ion is spent  on the combus t ion  
p roduc t s  of CO 2 and H20. 

The  Hottel  indices  fo r  c a rbon  dioxide m = 0.65, u = - 1  have been  ve r i f i ed  e x p e r i m e n t a l l y  in [3]. The  
f o r m u l a  has a +5% e r r o r  fo r  suff ic ient ly  l a rge  t h i cknes se s  in the T and T 0 t e m p e r a t u r e  r ange  equal  to 555- 
1390~ Analogous  deduct ions  have been  made  in [4] on the bas i s  of expe r imen t s  conducted  fo r  x = 0 .1-0 .4  
mat ,  T < 1500 and T O < 1290~ 

F o r  wa te r  vapor  the indices  m = 0.45, u = - 1  have been es tab l i shed  with a g r e a t e r  e r r o r .  The  d e -  
pendence  m(T0) has been  noted in [5], whe re  m = 0.51 fo r  T O = 645~K, m = 0.45 fo r  T O = 980~ and m = 0.39 
fo r  T 0 = 1390~ The  value 0.45 is the mean .  Some growth  in m has  been  noted as  x i n c r e a s e s .  However ,  
the funct ion u(x) has  the s t r o n g e s t  g rowth  acco rd ing  to the t heo ry .  It has  been  shown in [2] that  as  x ~ 0 
t h e r e  should be m + u ~ - 1 ;  hence  the Hottel  indices  a r e  not sui table  fo r  x < 0.1 ma t .  

N e c e s s a r y  C o n d i t i o n s  f o r  t h e  V a l i d i t y  o f  ( 1 )  

The  s p e c t r o s c o p i c  f o r m u l a  fo r  the abso rp t ion  of b lack  rad ia t ion  is 

a o = ~ loi (T o) A 1 (T, x), 

i 

whe re  

(2) 

Aj = .I [ 1 - -  exp (--  a~o ( T > x)] do). (3) 

The  equal i ty  a 0 = s x) is used  in going f r o m  (2) to (1). The  in tegra ted  abso rp t ion  m u s t  be r e p r e s e n t e d  
as  

A i = hr I A~ = Ao~ i (I - -  Di). 

The  p a s s a g e  f r o m  (2) to (1) is poss ib l e  if t h e r e  ex is t :  

1) An equivalent  r a y  path ident ical  ove r  the s p e c t r u m  

x' = x (T/To) ~ (Peff/Peffo) n. (4) 
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TABLE i. The Function ~(T) 
According to Exact  and Ap-  
p rox imate  Fo rmula s  

T, oK 

I000 
1500 
2000 
2500 
3000 

(T/lOOO) o,68 

1,118 1 
1,315 1,317 
1,572 1,602 
1,870 1,865 
2,198 2,111 

Hence 

Aj(T, x ) =  Aj(T 0' x'). 

2) An identical dependence of the parameter Awj in the form 

A%/A(%j = (T/To) a. 

To answer  the question as to how these  conditions a r e  sa t i s f ied ,  the 
models  of the bands can be sepa ra ted  into two c l a s s e s .  

Models for  the F i r s t  C lass .  

(5) 

Take account of the rotat ional  s t r u c -  
ture  of the band. T h r e e  p a r a m e t e r s  S/d,  b /d ,  and Awj a r e  used in the 

fo rmu la s .  It is essent ia l  that the p a r a m e t e r  AWj be the effective width Ao0effj dependent not only on the 
p r e s s u r e  but a l so  on the optical  thickness  [6]. Compliance with the condition (5) denotes the r ep resen ta t ion  

AtO,ef f j : (T/To) m A%e ff j (x, p, P). 

The dependence A60ef f (p, P, x) is ordinarily neglected. But for large thicknesses and pressure possibly 
exceeding those that hold in combustion chambers, the concept of AWeffj becomes meaningless, and (1) is 
without foundation. Let us present the most widespread formulas for the transmissivity in the band for 
lines with a dispersion outline. According to a random model [7, 8] with an exponential and uniform line 
intensity dis t r ibut ion 

S x / d  ; (6a) 

v, = o x p  [ L I sx#  I]. 
- -  -d -  ~ 2=bid ] J (6b) 

According to the r egu la r  E l s a s s e r  model  

b Sx/d I (7) 
D~= E d ' 2 ~ d ] "  

It  is shown in [9] that for  b / d  -< 0.1 a good approximat ion  is given by the fo rmula  

It  is imposs ib le  to a s s u m e  the ra t io  b /d  constant ,  hence condition (4) is not sa t i s f iable  in al l  the mod-  
e l s .  It holds only tn the e x t r e m e  s t rong and weak lines approximat ions .  In the weak lines case ,  Dj ~ 1 - S x  
/d  in all  the mode l s .  In the s t rong ~ l ines ease ,  according  to (6b) 

Dj exp (-- 

According to (6a), the 4 under  the rad ica l  is r ep laced  by 7r. Fo rmula  (7) yields the s ame  value for  Sx/27rb 
> 1.25 and 27rb/d < 0.3 with <10% e r r o r .  The additional condition is that the dependences of the p a r a m e t e r s  
S/d and b /d  would be power - l aw  and identical over  the whole s p e c t r u m .  The weak and s t rong lines approx i -  
mations hence yie ld  different  indices u and n, which d i rec t ly  indicates thei r  dependence on the gas  th ickness .  

The re la t ionships  

S/d = Si/A(og; A%/A%i = V T/To; d/do = (To/T)n ; 

bo Po -}- Po 

S/Soy = To/T ~ 

(8) 

a re  used in [2, 1]. Since the dependence Aweff(p,  P) has been d i scarded ,  the dependence a0(p ,  P) appea r s  
only in t e r m s  of the function b(p ,  P). For  H20 we take 77 = 1 and u = -1 ,  n = 1, m = 0.5 a r e  obtained.  T h e  
s t rong line approximat ion  is appl icable for  x > 0.2 ma t .  For  x < 0.1 mat  the indices u = -2 ,  m = 1 a r e  de-  
r ived  in [2], which agree  be t t e r  with exper iment .  

Models of the Second Class .  At elevated p r e s s u r e s  when the l ines over lap  sufficiently,  the band con-  
tour  can be desc r ibed  by a s imple  envelope.  In any case  the band can be r econs t ruc ted  so that the function 
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TABLE 2, To Compute the Emiss iv i ty  at T = 1873~ x 
= 0.2 mat  by Using (1) 

i Ti, o K c i (TilT)" e(Ti, x') (T/Ti)0,65 %[ (~' ) 4 Ciaoi* 

973 
1273 
1573 

1,3835 
--3,3868 

3,0944 

0,0728 
0,2133 
0,4974 

0,115 
0,114 
O, 102 

1,5306 
1,2845 
1,I196 

0,1760 
0,1464 
0,1442 

* ~ [Ti~4claoi:O,0877 

0,0177 
--0,1058 

0,1758 

ace (~0) would be smooth  

% = a0 f(y); y = I~- -  %[/a%. 

Under the normal iza t ion  i f(y)dy = 1 we obtain Sj = Awja 0. Exponential  [10-12] and other  contours  [1] a r e  
0 

used.  The rota t ional  s t ruc tu re  drops  out, hence taking account of the p r e s s u r e  is quite difficult .  This  is 
not essen t ia l  for  bo i le r  and furnace  engineer ing.  The number  of p a r a m e t e r s  in the in tegra l  (3) is reduced  
by one, 

Aj = A% A ~ (a o X), where a o : S J A % .  

The width p a r a m e t e r  is he re  independent of the gas  th ickness .  Then the quantity A_. ~ i n c r e a s e s  without l imi t  
as x ~*~  in con t ras t  to A~', if the contour has wings.  Namely  the wings of the band Jure d is tor ted  s t rongly  
hence the values of A;  be'come meaningless  as x g rows .  Thus ,  even in this c lass  of models  (1) is without 
foundation as  x ~ .  Condition (4) is sa t i s f ied  if the p a r a m e t e r  Sj, which has o rd inar i ly  been studied ade -  
quately,  can be r e p r e s e n t e d  as 

S j / S o j  (T /To)  ~- I  . (9) 

We obtain n 0 ~ T n - m - l ,  and the re fo re ,  u = n - m - l .  The dependence (9) is m o r e  exact  than (8). The  con-  
ditions for  the exis tence  of (1) a r e  de te rmined  by the following quest ions:  a) can the functions Sj (T) and 
AW. (T) be  descr ibed  by p o w e r - l a w  dependences;  and b) is use  of indices n and m ave raged  over  the bands 
admJ iss ible? 

Let  us examine the index m.  The t e m p e r a t u r e  dependence of the p a r a m e t e r  Awj is a s sumed  to be the 
s a m e  as for  Aweffj.  The value m = 0.5 has been es tabl i shed in [2] for  d ia tomic  molecu les .  It has been  r e -  
marked  in [1] that it cannot be exact  for  t r i a tomic  molecu les .  The dependence Awj ~ (1 + T / T  0)1/2 has  been 
taken in [13] for  the 4.3 and 2.7 ~ bands of CO2, but the dependence is omit ted for  the 2 # band, As a ru le ,  
m = 0.5 is taken for  all  the bands in the l i t e r a t u r e .  In our computat ions of the emis s iv i ty  of H20 the a b s o r p -  
tion in the bands has been desc r ibed  by the fo rmula  Aj = Awjln (1 + a 0x). At tempts  to change the index m 
to any side of the value 0.5 have resu l t ed  in an inc rease  in the e r r o r .  Let  us turn  to the index n - 1 .  I ts  
pa r t ,  equal to -1 ,  takes account of i sobar ic  expansion of the gas .  The index n de t e rmines  the change in the 
quantity Sj r e f e r r e d  to the constant  number  of the molecule  Sj ~ ~ ( T ) / T ,  ~(T)  ~ T n .  It  is a s s u m e d  ~ = 1 
for  the fundamental  bands ,  and the re fo re ,  n = 0. As an exception, let us note [14], where  it is a s s u m e d  
= 1 + 2 . 1 0  -4 T for  the 6.3 # band of H20. This  function is compara t i ve ly  weak.  F o r  a typical  nonfunda- 
mental  1o38 # band of H20 the fo rmula  

q~ (T) = 1.-- exp (--7408 ~,/T) 

[l--exp (--3652 ~,/T)] [1-- exp (-- 1595v/T)] 

is deduced in [15]. We approx imated  it in the 0-3000~ range  by 

O =  1-[-0.00326 (T/1000) +0.13786(T/1000) 2 

with a max imum e r r o r  of 2.4% at 3000~ If some value of the t e m p e r a t u r e  T ,  is se lec ted ,  then for  T > T .  
the function ~, = ( T / T . )  n can yield a be t te r  approximat ion .  It is shown in Table  1 that the function (10) can 
be r ep re sen t ed  as ~ = (T/1000) ~ In cont ras t  to m,  the index n differs  essen t ia l ly  fo r  the bands,  hence,  
it is m o r e  difficult to find its mean .  For  sufficiently sma l l  th icknesses  n ~ 0 can be a s s u m e d .  The flux on 
the boundary of a volume is de te rmined  by the in tegra ted  intensi t ies  Sj which a r e  o rd inar i ly  g r e a t e s t  for  the 
fundamental  bands .  The 6.3 and 2.7 # wa te r  vapor  bands yield around a 90% flux. Fo r  l a rge  th icknesses ,  
on the other  hand, the contr ibution to the radia t ion of the volume is de te rmined  by the width of the band.  Fo r  
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x = 0.5 the s a m e  two bands yield only around a 507o flux according to the data in [15]. The second half of the 
flux belongs to the bands for  which n > 0. As is seen,  the mean index n should grow with the th ickness .  
In a f i r s t  approximat ion ,  0 < ~r < m can be taken with a ve ry  rapid  change in ~4 in the region of 0.1 ma t .  If 
�9 t = m is taken for  x -> 0.2 mat  and a lso  the Hottel values  for  m,  then we obtain the known empi r i ca l  f o r -  
mulas .  

A b s o r p t i o n  o f  a B a d l y  M i x e d  M e d i u m  

The p a r a m e t e r s  S/d  and b /d  a r e  functions of a point in a medium with inhomogeneous f ields of the 
quantit ies T,  p, P .  Th is  difficulty is bypassed  by using the C u r t i s - H o d s o n  approximat ion  ([7, 8], e tc .  ) in 
which the p a r a m e t e r s  a r e  ave raged  with r e spec t  to the thickness  

(s/d), = 1 (S/d) dx, (Said% = ~ (Sb/d 2) dx 
X . 

o 0 

As before ,  the mean  absorp t ion  in the band is de te rmined  by means  of (6), (7). The  mean  t e m p e r a t u r e  is 
se lec ted  so that the function Dj(T,  x) would be nominal  under i so the rma l  conditions. Averaging the band 
width is of cons iderable  difficulty.  Energy  t r a n s f e r  on the band wings plays an exceptional  par t  in the ab -  
sorp t ion  of the in t r ins ic  gas  radia t ion.  In this case  broadening of the bands should be  taken into account 
exact ly .  The  ro le  of the wings in the absorpt ion of black flux is cons iderably  s m a l l e r .  The  exper imen t s  
conducted by Nevski i  and his colleagues [4] a r e  demons t ra t ive .  They  found that (1) is comple te ly  appl icable  
to a non i so thermal  l ayer  if the calculat ions a r e  c a r r i ed  out according to a weigh ted-mean  t e m p e r a t u r e .  An 
a t tempt  has been  made to explain this theore t ica l ly .  The t e m p e r a t u r e  field was mos t  dist inct ,  hence it is 
sufficient to take a l inear  t e m p e r a t u r e  change. The di rec t ion of the gradient  has no value.  In this case  

T z Tz 

t f i (Sial)dr, (Sb/d~),= 1 ( S / d ) , = - ~ .  - - ~ .  (Sb/d~)dT. 
Ts T1 

By analogy let  us  take the ave r age  of the effect ive width 

T= 

A t e . = ~ ,  A%dT. 
TI 

Let the common symbol  R denote the p a r a m e t e r s  S/d,  Sb/d 2, and ACOj. Let  us compare  the p a r a m e t e r  
R .  with R e calcula ted at the weighted-mean t e m p e r a t u r e  

t 7 Tdx (T~ ~ T~)/2. l 
T e  x , 

) 

0 

Let us introduce the notation z = ( T 2 - T i ) / 2 T  c. Analys is  has shown that 1~. = R e can be taken if the r e p r e -  
sentat ions a r e  admiss ib le  for :  

R ~  T -z/z , (1 - -  z) -1/2 I ( 1 + ' Z) I I / ~  ~ z  } 

R ~ T  -1, In 1-~-Z~2z,  
l - - z  

R ~  T-I/~, ]/'l-~ z - - W l - -  z ~ z ;  

R ~" VT,  (1 + z) 3/2 - -  (1 - -  z) 3/2 ~ 3z. 

Assuming  T c = 1000~ T a - T  1 = 600~ we obtain z = 0.3 and the e r r o r s  co r respond  to the l i s ted  equali t ies  
in the following pe rcen tages :  6, 3.5, 1.2, and 0.4. They a r e  within the l imi t s  of exper imenta l  e r r o r .  In the 
s t rong line approximat ion ,  which is sui table for  the exper imenta l  conditions, the p a r a m e t e r  S/d does not 
f igure  s epa ra t e ly .  In this case ,  the g r ea t e s t  e r r o r  67o should be d i scarded .  The  foundation p resen ted  for  
(1) is of g rea t  va lue  for  p rac t i ca l  computat ions.  

E x p a n s i o n  o f  t h e  S p h e r e  o f  A p p l i c a t i o n  o f  (1) 

The use  of (1) to de te rmine  the emiss iv i ty  of a dusty medium and its t r a n s m i s s i v i t y  re la t ive  to a black 
flux has been p roposed  in [16]. The function eaJ (w) in the dust absorp t ion  s p e c t r u m  should hence be suff i -  
cient ly smooth,  as o rd inar i ly  cor responds  to p rac t i ce .  Here  (1) is used in computat ions of the gas a b s o r p -  
t ivi ty for  a nonblack flux. The initial express ion  is 
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a =: I Z  IjAj(T,x). 

i 

The in tens i ty  of the incident flux at the cen te r  of the band (Ij) should be e x p r e s s e d  by a smoo th  func -  
t ion of the wave n u m b e r  only within the b~md. In con fo rmi ty  with [16], let us r e p r e s e n t  Ij as  the s u p e r p o s i -  
t ion of P l anck  funct ion 

l j  = X C i l o i j ( T i ) '  i, ]== 1, 2 . . . . .  k. 
i 

The subsc r ip t  i r e f e r s  to the t e m p e r a t u r e ,  and k the n u m b e r  of the s t ronges t  bands of the gas  s p e c t r u m .  
A s y s t e m  of equat ions  is obtained in the n u m b e r s  c i with m a t r i c e s  of the coeff ic ients  I0i j .  The  t e m p e r a -  
t u r e s  T i a r e  se lec ted  so that the ma t r i x  would be nons ingu la r .  The  solut ion is 

1 Z oT~ci a ZIoI,(T~)A,(T,x ) 1 Z 'l = - -  f fT ic iao i .  

i ] i 

If  a b lack su r f ace  r ad i a t e s  at  a t e m p e r a t u r e  T the s a m e  as  for  the gas ,  then a = ~, 7rI = (rT 4, 

s -- X (TilT) a ci aoi (T, Ti, x). 
i 

This  f o r m u l a  p e r m i t s  ve r i f i ca t i on  of the computa t ion  s c h e m e  s ince  the r e su l t  is ea s i ly  checked  by means  
of e m i s s i v i t y  n o m o g r a m s .  A computa t ion  has been  c a r r i e d  out fo r  c a r b o n  dioxide with x = 0.2 mat ,  T 
= 1873~ taking account  of the t h r ee  s p e c t r u m  bands at 2.7,  4.3, and 15# .  The  quant i t ies  a0i  have been  c a l -  
cula ted  by means  of (1) fo r  the Hottel  ind ices .  The  emi s s iv i t i e s  have been  d e t e r m i n e d  by means  of the 
n o m o g r a m  in [17]. The  n u m b e r s  c i have been  found by means  of the s y s t e m  of equat ions 

[ ex, ]:": _,]-1 Z,rex,/V"~ 
i 

(i = I, 2, 3; Z, s in ~). 

The  init ial  and computed  values  a r e  r e p r e s e n t e d  in Table  2, where in  ~ = 0.0877 has been used in p lace  of 
0.085 in the n o m o g r a m .  

F o r  not too l a r g e  t h i c kne s se s  in the ca rbon  dioxide case ,  only one fundamenta l  band 4.67 # can be 
taken into account :  

c ~ I/Ioi (T), 

oT 4 Ij 
a . . . .  e(T, x), 

zd Ioj(T ) 

a~ = (~o)  ~ I~176 (T) e(T, x)=(TITo)~ x(TITo)-l'5]. 

The  e r r o r s  of the n o m o g r a m  and e spec i a l l y  (1) r e s t r i c t  the poss ib i l i t i e s  of the methods  shown in [16] and 
he re in  d r a s t i c a l l y .  

X 

p, P 

Pef f  
T, T O 
T , ,  T i 
T c 
a o  
a 

g 

m, u, n, ~, ~/ 

loj 
lj 

N O T A T I O N  

is the r a y  path in mat;  
a r e  the pa r t i a l  and total p r e s s u r e ;  
is the ef fec t ive  b roaden ing  p r e s s u r e ;  
a r e  the gas  and wall t e m p e r a t u r e s ,  ~ 
a r e  the s e l ec t ed  t e m p e r a t u r e  values ;  
is the w e i g h t e d - m e a n  t e m p e r a t u r e ;  
is the abso rp t i v i t y  of the gas  fo r  b lack  radia t ion;  
is the s a m e  fo r  a flux with nonblack s p e c t r u m ;  
is the e m i s s i v i t y ;  
a r e  the power  exponents ;  
is the P l anck  function fo r  the cen te r  of the band,  c m  . W / m  2 �9 s r ;  
is the incident  flux in tens i ty  at  the cen te r  of the band j ,  c m  . W / m  z . s r ;  
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I 
Aj 

A)/ 09j; 
09J 

090 
A09j 

~09effj 
A09 ! 

} 
D. 
S l 
d , b  

s i 
L 
~09 
a o -> (a09)max; 
~(T) 
c i 
T = 1.4388; 
R,, R c 
z = AT/2Tc; 
E 

is the integrated incident flux intensity, W/m 2 �9 sr; 
is the integral absorption (equivalent width) of band f, cm-1; 
is the mean absorption in the band; 

ts the wave number, cm-1; 
ts the position of the band center; 
m the width parameter; 
is the effective width; 
is the total width of the band j, cm-1; 
ts the mean transmissivity in the band j; 
Is the integrated line intensity, era-I/mat; 
are the spacing between lines and their half-width, cm-1; 
is the integrated intensity of the band j; 
is the Landenburg and Reiche functions; 
is the spectral absorption coefficient, mat-i; 

is the dimensionless function; 
is the dimensionless number; 

are the general notation for parameters  averaged over the band and for Tc; 

is the Elsasser  function. 
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